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This paper presents an analytical solution for inhomogeneous strain and stress distributions within ﬁnite circular cyl-
inders of Si1xGex alloy under compression test with end friction. The method follows Lekhnitskii’s stress function
approach, but a new expression for the stress function is proposed so that all of the governing equations and boundary
conditions are satisﬁed exactly. Numerical results show that the axial, radial, circumferential and shear strains are all inho-
mogeneous within ﬁnite cylinders, and local strain concentrations near two end surfaces were usually developed as long as
friction exists between end surfaces and loading platens. Moreover, by using envelope-function method, the eﬀect of strain
on the valence-band structure of Si1xGex alloy is also studied. It was found that strain can induce band splitting, alter-
ation of the shape of constant energy surfaces of the heavy-hole and the light-hole bands of Si1xGex alloy.
 2007 Elsevier Ltd. All rights reserved.
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Aggressive scaling of complementary-metal-oxide-semiconductor (CMOS) technology has driven the perfor-
mance improvement of very large scale integrated (VLSI) circuits for years (Fischetti and Laux, 1996). Strained-
Si CMOS provides a very promising approach for mobility enhancement and has been investigated recently
(Oberhuber et al., 1998;Meyerson, 2004). Stress along the Si channel can increase the holemobility, and the strain
eﬀects are manifested as changes in the valence band, including band structure alteration, heavy and light hole
eﬀective mass changes, band splitting (Wang et al., 2003; Singh, 1992), which is also closely related to the opto-
electronic properties of Si1xGex alloy, thus it has beenwidely used inmechanical stress andpressure sensors for a
long time due to its high sensitivity, good linearity and excellent mechanical properties (Kloeck and Rooij, 1994;
Kanda, 1991). There is a need for a better fundamental understanding of the eﬀect of the stresses and correspond-0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.05.016
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the inﬂuence of quantum conﬁnement in nanostructures (Thompson, 2004). Compression test is one of the often
used methods to obtain the elastic modulus, compressive strength and electronic property of semiconductors
(Gerhardt, 1968; Torrenti et al., 1993; Choi and Shah, 1998). It has long been found that, by generating a strain
ﬁeld, the external force may signiﬁcant change the electronic energy bands and optoelectronic behavior of semi-
conductors (Hasegawa, 1963;Goroﬀ andKleinman, 1963;Aspnes andCardona, 1978; Suzuki andHensel, 1974).
In particular,Hensel andFeher (1963) studied the valence band inversemass parameters and deformation poten-
tials of silicon under uniaxial stress.Gerhardt (1968) considered the eﬀect of uniaxial andhydrostatic strain on the
optical constants and the electronic structure of copper. Sanders andChang (1985) analyzed the eﬀects of uniaxial
stress on the electronic and optical properties of GaAs–AlxGa1xAs quantumwells. Platero and Altarelli (1987)
investigated the electronic structure of superlattice and quantum wells under uniaxial stress. Chao and Chuang
(1992) considered the eﬀect of a compressive or tensile strain on the valence-band structure of quantum wells.
Matsuda et al. (2003) discussed the strain eﬀect on the ﬁnal state density-of-state for hole scattering in Silicon.
In all of these studies, the homogeneous strain induced by an external uniform stress were considered, and Pollak
(1990) and Bahder (1992) made a good review on the eﬀect of homogeneous strain on band structures and elec-
tronic properties of semiconductors.
On the other hand, however, it was found long time ago that friction always inevitably exists between two
end surfaces of cylinders and the loading platens (Filon, 1902). The non-uniform deformations of an isotropic
cylinder under conﬁned compression were investigated by Watanabe (1996). Although numerous eﬀorts have
been made to reduce the friction between the semiconductor cylinder and the loading platens, end friction
inevitably exists (Hussein and Marzouk, 2000). The stress and strain ﬁelds within cylinder are actually inho-
mogeneous due to friction. Although many theoretical studies have been done for isotropic and anisotropic
cylinders (Chau and Wei, 1999), almost all of the studies focused on the stress and displacement ﬁelds within
cylinders. Up to now, there is no analysis considering the eﬀect of end friction on the inhomogeneous strain
distributions and its eﬀect on the quantum band structure of Si1xGex under compression test.
The eﬀect of a slowly varying inhomogeneous strain on energy bands was ﬁrst considered by Bardeen and
Shockley (1950) in an eﬀective-mass equation for the envelope-function method. The ‘‘slowly varying’’ was
treated in such a way that the variation of strain is negligible over a unit cell, but it may be signiﬁcant on
the scale of the envelope function. Bahder (1992) used a coordinate transformation method to treat the slowly
varying inhomogeneous strain. Zhang (1994) remedied the conventional approach and incorporated strain
gradient terms in a general Hamiltonian.
In the present work, the inhomogeneous strain distribution within a ﬁnite solid circular cylinder of
Si1xGex alloy under compression with end friction and conﬁned pressure is studied. The friction acting on
the end surfaces is modeled as non-slip as well as partially slip. The Lekhnitskii’s stress function is employed
in order to uncouple the equations of equilibrium, and the Fourier and Fourier–Bessel expansion technique is
used in order to satisfy the boundary conditions exactly. In addition, the eﬀects of strain and end friction on
the band structure of Si1xGex alloy are also considered.2. Governing equations for Si1xGex alloy
Si1xGex alloy can be considered as a kind of cubic isotropic materials (Schaﬄer, 2001), and the generalized
Hooke’s law in the cylindrical coordinate system (r,h,z) can be written asrrr ¼ c11err þ c12ehh þ c12ezz; rhh ¼ c12err þ c11ehh þ c12ezz
rzz ¼ c12err þ c12ehh þ c11ezz; rhz ¼ c44ehz; rrz ¼ c44erz; rrh ¼ c44erh
ð1Þwhere three elastic stiﬀness constants can be expressed asc11 ¼ Eð1 mÞð1þ mÞð1 2mÞ ; c12 ¼
Em
ð1þ mÞð1 2mÞ ; c44 ¼ 2G ð2Þwhere the usual notation for Cauchy stress and strain tensor are adopted. That is, rzz,rrr,rhh are the normal
stresses in the axial, radial and circumferential directions, respectively, rrz is the shearing stress in rz planes, ezz,
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c44 or E, m, G are needed to described the mechanical property of Si1xGex alloy.
In addition, experimental results show that three elastic stiﬀness constants c11, c12, c44 for Si1xGex alloy are
the linear function of parameter x at temperature 300 K (Schaﬄer, 2001), that isc11 ¼ ð165:8 37:3xÞ GPa; c12 ¼ ð63:9 15:6xÞ GPa; c44 ¼ ð79:6 12:8xÞ GPa ð3Þ
where 0 6 x 6 1. x = 0 represents semiconductor Si, while x = 1 represents semiconductor Ge.
3. Homogeneous stress and strain without end friction
When a ﬁnite cylinder of diameter D (or 2R) is under compression between two rigid smooth loading plat-
ens together with a constant conﬁning pressure acting on the curved surface, the stress components within the
cylinder are homogeneous and can be simply expressed asr0hh ¼ r0rr ¼ p0; r0zz ¼ q0; r0rz ¼ r0rh ¼ r0hz ¼ 0; r0H ¼ 2p0 þ q0 ð4Þ
where q0 is a constant. If the total load acting on the end surfaces is P, then we have q0 = P/pR
2, p0 is the
conﬁning pressure acting on the curved surface. r0H is the hydrostatic stress. By adopting the usual sign con-
vention of continuum mechanics, tension is positive, and compression is negative.
The strains within the cylinder can be obtained by substituting (4) into (1) ase0hh ¼ e0rr ¼ ð1 mÞ
p0
q0
 m
 
q0
E
; e0zz ¼ 
2mp0
q0
þ 1
 
q0
E
; crz ¼ crh ¼ czh ¼ 0;
e0H ¼ ð1 2mÞ 1þ
2p0
q0
 
q0
E
ð5Þwhere e0H is the hydrostatic strain. (5) indicates that the strain ﬁeld within the cylinder is homogeneous if there
is no end friction. However, Friction is always inevitably induced between the loading platens and two end
surfaces in usual compression tests, in such a case, the stresses and the strains within the cylinders are inho-
mogeneous, and their distributions within ﬁnite cylinder can be much more complicated, which are discussed
in the following sections.
4. Boundary conditions for compressions with end friction
The boundary conditions for a ﬁnite cylinder of diameter D (or 2R) and length H (or 2h) under a conﬁned
compression test with end friction can be written asrrr ¼ p0; on r ¼ R ð6Þ
rrz ¼ 0; on r ¼ R ð7Þ
ow
or
¼ 0; on z ¼ h ð8ÞZ R
0
2prrzz dr ¼ P ; on z ¼ h ð9Þ
u ¼ f ðrÞ; on z ¼ h ð10Þwhere p0 is the conﬁning pressure acting on the curved surface. P is the resultant force acting on the end sur-
faces through the loading platens. Boundary condition (8) ensures the loading platens to remain horizontal at
all time. The amount of end friction depends on the radial displacement function f(r) prescribed in (10). By
adopting the approach by Chau (1997), we assume that f(r) = au0r/R, where u0 is a constant, and the factor
a represents the degree of constraint on the radial displacement on the end surfaces. In particular, if friction is
negligible, we have a = 1, and the end surface is free to expand, if the radial displacement on the end surfaces is
completely constrained, we have a = 0, and no slip occurs between the cylinder and loading platens. In reality,
partial slip may occur and we have 0 6 a 6 1, depending on the contact condition between the end surfaces
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from the center of the cylinder. But this very complicated nonlinear contact problem is out of the scope of the
present paper.5. Stress function for cubic isotropic semiconductor solids
Based on the stress function proposed by Lekhnitskii (1963), the stress components and displacements can
be expressed by a single stress function u for cubic isotropic materials asrzz ¼ ooz c
o2u
or2
þ c
r
ou
or
þ o
2u
oz2
 
ð11Þ
rhh ¼  ooz b
o2u
or2
þ 1
r
ou
or
þ e o
2u
oz2
 
ð12Þ
rrr ¼  ooz
o2u
or2
þ b
r
ou
or
þ e o
2u
oz2
 
ð13Þ
rrz ¼ oor
o2u
or2
þ 1
r
ou
or
þ e o
2u
oz2
 
ð14Þ
u ¼ ð1 bÞ
E
ð1þ mÞ o
2u
oroz
ð15Þ
w ¼ 1
G
o2u
or2
þ 1
r
ou
or
 
þ 1
E
ðdþ 2meÞ o
2u
oz2
ð16Þwhereb ¼ 1
1 m2 m m
2  m E
G
 
; c ¼ 1
1 m2 m m
2 þ E
G
 
; e ¼ m
m 1 ; d ¼ 1 ð17ÞBy substituting (11)–(14) into the equilibrium equations, we obtain the following partial diﬀerential equation
for the stress function u aso2
oz2
c
o2u
or2
þ c
r
ou
or
þ o
2u
oz2
 
þ o
2
or2
þ 1
r
o
or
 
o2u
or2
þ 1
r
ou
or
þ e o
2u
oz2
 
¼ 0 ð18ÞIn isotropic case, c = e = 1, and (18) reduces to biharmonic equation, which was employed to analyze the
stress ﬁelds within isotropic cylinders under compression test (Watanabe, 1996).6. Series expressions for the stress function
Following the approach by Wei et al. (1999), we also seek for the following series solution forms for
(18) asu ¼
X1
s¼1
As sinhðqcsgÞJ 0ðksqÞ and u ¼
X1
n¼1
BnI0ðpfnqÞ sinðnpgÞ ð19Þwhere As and Bn are constants. ks is the sth root of J1(ks) = 0; cs = ksj and fn = np/j; j is a geometric ratio
deﬁned as j = h/R; p and q are constants to be determined. I0(x) is the modiﬁed Bessel function of the ﬁrst
kind of zero order, J0(x) and J1(x) are the Bessel functions of the ﬁrst kind of zero and ﬁrst order, respectively
(Abramowitz and Stegun, 1965).p1;2 ¼
ðcþ eÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcþ eÞ2  4
q
2d
2
4
3
5
1=2
; p3;4 ¼ p1;2; q1;2 ¼ p1;2=
ﬃﬃﬃ
d
p
; and q3;4 ¼ q1;2 ð20Þ
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to p3,4 and q3,4 can be combined with those for p1,2 and q1,2. It can be proved that q1,2 are always complex for
Si1xGex alloy, so we can express q1,2 in the form of q1,2 = qR ± qIi. The expression for stress function u can be
further written asu ¼ R3q0 A0
j3g3
6
þ C0 jgq
2
2
þ
X1
s¼1
J 0ðksqÞ
k3s
½Cs cosðqIcsgÞ sinhðqRcsgÞ þ Ds sinðqIcsgÞ cosh hðqRcsgÞ
(
þ
X1
n¼1
sinðnpgÞ
f3n
fAnRe½I0ðp1fnqÞ þ Bn Im½I0ðp1fnqÞg
)
ð21Þwhere q0 is the mean normal stress on the end surfaces deﬁned as q0 = P/pR
2, and A0, C0, An, Bn, Cs, and Ds
are unknown real constants to be determined. Note that additional terms corresponding to A0 and C0 have
been added and they will lead to uniform normal stresses and strains for cylinders.
7. Expressions for stress and displacement components
Substitution of (21) into (11)–(16) yields the following expressions for the displacement and stress compo-
nents asu
q0R
¼ 
X1
s¼1
J 1ðksqÞ
ks
f½ðCsqI þ DsqRÞ sinhðqRcsgÞ sinðqIcsgÞ þ ðCsqR þ DsqIÞ coshðqRcsgÞ cosðqIcsgÞg
þ ð1 bÞða11  a12Þ C0qþ
X1
n¼1
cosðnpgÞ
fn
fAnRe½p1I1ðp1fnqÞ þ Bn Im½p1I1ðp1fnqÞg
( )
ð22Þ
w
q0R
¼ þ
X1
s¼1
J 0ðksqÞ
ks
f½2CsqRqIða33d 2a13eÞ þ Dsða44  ða33d 2a13eÞðq2R  q2I ÞÞ coshðqRcsgÞ sinðqIcsgÞ
þ ½Csða44  ða33d 2a13eÞðq2R  q2I ÞÞ  2DsqRqIða33d 2a13eÞ sinhðqRcsgÞ cosðqIcsgÞg
 ½2a44C0 þ A0ða33d 2a13eÞjgþ
X1
n¼1
sinðnpgÞ
fn
fAnRe½P3ðp1; qÞ þ Bn Im½P3ðp1; qÞg ð23Þ
rrr=q0 ¼ A0eþ ðaþ bÞC0 þ
X1
s¼1
f½CsK2ðqR; qI ; qÞ þ DsK1ðqR; qI ; qÞ sinhðqRcsgÞ sinðqIcsgÞ
þ ½CsK1ðqR; qI ; qÞ þ DsK2ðqR; qI ; qÞ cos hðqRcsgÞ cosðqIcsgÞg
þ
X1
n¼1
cosðnpgÞfAnRe½P1ðp1; qÞ þ Bn Im½P1ðp1; qÞg ð24Þ
rrz=q0 ¼
X1
s¼1
J 1ðksqÞf½Dsðeðq2R  q2I Þ  1Þ  2CseqRqI  coshðqRcsgÞ sinðqIcsgÞ
þ ½Csðeðq2R  q2I Þ  1Þ þ 2DseqRqI  sinhðqRcsgÞ cosðqIcsgÞg
þ
X1
n¼1
sinðnpgÞfAnRe½P2ðp1; qÞ þ Bn Im½P2ðp1; qÞg ð25ÞwhereK2ðx; y; qÞ ¼ eðy3  3x2yÞJ 0ðksqÞ þ yCðqÞ ð26Þ
K1ðx; y; qÞ ¼ eðx3  3xy2ÞJ 0ðksqÞ þ xCðqÞ ð27Þwith a = 1. the expressions for rzz can be obtained from (24) by replacing both ‘‘a’’ and ‘‘b’’ by ‘‘c’’, and ‘‘e’’
by ‘‘1’’, respectively. While the expression for rhh can be obtained from (24) by replacing ‘‘a’’ and ‘‘b’’ by ‘‘b’’
and ‘‘1’’, respectively. The next step is to use the boundary conditions (6)–(10) to determine the unknown
coeﬃcients.
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The boundary condition rrz = 0 on the curved surface q = 1 (or r = R) leads toBn ¼ EnRe½P2ðp1; 1Þ; An ¼ En Im½P2ðp1; 1Þ ð28Þ
where En is another constant.
The boundary condition ow/or = 0 on the two end surfaces g = ±1 (i.e. z = ±h) leads toDs ¼ F s}2ðqR; qIÞ; Cs ¼ F s}1ðqR; qIÞ ð29Þ
where Fs is another constant, and}1ðqR; qIÞ ¼ ½a44  ða33d 2a13eÞðq2R  q2I Þ cosh qRcs sin qIcs  2qRqIða33d 2a13eÞ sinh qRcs cos qIcs ð30Þ
}2ðqR; qIÞ ¼ ½a44  ða33d 2a13eÞðq2R  q2I Þ sinh qRcs cos qIcþ 2qRqIða33d 2a13eÞ cosh qRcs sin qIcs ð31ÞThe radial stress rrr on the curved surface q = 1 (i.e. r = R) can be obtained by setting q = 1 in (24):rrr=q0 ¼ ðaþ bÞC0 þ A0eþ
X1
s¼1
f½CsK2ðqR; qI ; 1Þ þ DsK1ðqR; qI ; 1Þ sinðqIcsgÞ sinhðqRcsgÞ
þ ½CsK1ðqR; qI ; 1Þ þ DsK2ðqR; qI ; 1Þ cosðqIcsgÞ coshðqRcsgÞg
þ
X1
n¼1
cosðnpgÞfAnRe½P1ðp1; 1Þ þ Bn Im½P1ðp1; 1Þg ð32ÞBy making a Fourier expansion in (32) and then expressing the result in terms of the constants En and Fs, we
haverrr=q0 ¼ A0eþ ðbþ 1ÞC0 þ
X1
s¼1
F sQs0=2þ
X1
n¼1
½EnDn þ
X1
s¼1
F sQsn cosðnpgÞ ð33ÞwhereQsn ¼ J 0ðksÞf½T 1 cosqIcs sinhqRcsþ T 2 sinqIcs coshqRcsLsn
þ ½T 1 sinqIcs coshqRcsþ T 3 cosqIcs sinhqRcsGsng ð34Þ
T 1 ¼ qIf½a44 2ða33d 2a13eÞq2R½eðq2R 3q2I Þ 1  ða33d 2a13eÞðq2R q2I Þ½eðq2I  3q2RÞþ 1g ð35Þ
T 2 ¼ qRf½a44þ 2ða33d 2a13eÞq2I ½eq2I  3q2RÞþ 1  ða33d 2a13eÞðq2R q2I Þ½eðq2R 3q2I Þ 1g ð36Þ
T 3 ¼qRf½a44þ 2ða33d 2a13eÞq2I ½eðq2R 3q2I Þþ 1  ða33d 2a13eÞðq2R q2I Þ½eðq2R 3q2I Þ 1g ð37Þ
Gsn ¼ 2ð1Þn ½n
2p2þ q2I c2s þ c2s q2RqRcs sinqIcs coshqRcs ½q2I c2s þ c2s q2R n2p2qIcs cosqIcs sinhqRcs
½ðqIcs npÞ2þ c2s q2R½ðqIcsþ npÞ2þ c2s q2R
ð38Þ
Dn ¼Im½P1ðp1;1ÞRe½P2ðp1;1ÞþRe½P1ðp1;1ÞIm½P2ðp1;1Þ ð39Þ
By considering the boundary condition (6), we haveX
F sQs0=2þ ðbþ 1ÞC0 þ A0e ¼ p0=q0 ð40ÞX1
n¼s
F sQsn þ EnDn ¼ 0 ð41ÞSubstitution of (28) and (29) into (22) and let g = ±1 yield the expression for the radial displacement on the
two end surfaces (i.e. on z = ±h) asu
q0R
¼ ða11  a12Þð1 bÞfC0qþ
X1
s¼1
J 1ðksqÞF s
ks
Xs þ
X1
n¼1
ð1ÞnEn
fn
ðRe½P2ðp1; 1ÞIm½p1I1ðp1fnqÞ
þ Im½P2ðp1; 1ÞRe½p1I1ðp1fnqÞÞg ð42Þ
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ð43ÞTo use the end boundary condition (10), we need expand (42) into a Fourier–Bessel series asu
q0R
¼ ða11  a12Þð1 bÞ
X1
s¼1
J 1ðksqÞ
ks
F sXs þ
X1
n¼1
EnHsn  2C0J 0ðksÞ
" #
ð44ÞwhereHsn ¼ ð1Þ
n
fn
fIm½P2ðp1; 1ÞRe½Zsnðp1Þ Re½P2ðp1; 1ÞIm½Zsnðp1Þg ð45Þ
ZsnðxÞ ¼ 2k
2
s xI1ðxfnÞ
½f2nx2 þ k2S J 0ðksÞ
ð46ÞTo compare the boundary condition (10) with the radial displacement obtained in (44), (10) is also expanded
into a Fourier–Bessel series asuðqÞ ¼ au0
X1
s¼1
asJ 1ðksqÞ for 0 6 q 6 1 ð47Þwhereas ¼ 2J 0ðksÞks ð48ÞFinally, by matching the coeﬃcients of (44) and (47), we haveF sXs þ
X1
n¼1
EnRsn  2C0J 0ðksÞ ¼
1
ða11  a12Þð1 bÞ
aksasu0
E
m ðm 1Þ p0
q0
 
ð49ÞThe expressions for rzz can be obtained from (24) asrzz=q0 ¼ A0d 2cC0 þ
X1
s¼1
f½CsK2ðqR; qI ; qÞ þ DsK1ðqR; qI ; qÞ sinhðqRcsgÞ sinðqIcsgÞ
þ ½CsK1ðqR; qI ; qÞDsK2ðqR; qI ; qÞ coshðqRcsgÞ cosðqIcsgÞg
þ
X1
n¼1
cosðnpgÞfAnRe½P1ðp1; qÞ þ Bn Im½P1ðp1;qÞg ð50ÞSubstitution of (50) into (9) with g = ±1 leads todA0  2cC0 þ
X1
n¼1
EnNn ¼ 1 ð51ÞwhereNn ¼ 2ð1Þ
n
fn
ðcp22  dÞðep1  p31ÞI1ðp1fnÞ
I1ðp2fnÞ
p2
 ðcp21  dÞðep2  p32ÞI1ðp2fnÞ
I1ðp1fnÞ
p1
 
ð52ÞIt should be noted that four Eqs. (40), (41), (49) and (51) have to be solved simultaneously for the coeﬃcients
A0, C0, En and Fs. In numerical calculation, the inﬁnite series in these equations has to be truncated and only
the ﬁrst n and s terms can be retained. Thus there is (s + n + 2) equations for the (s + n + 2) unknown coef-
ﬁcients of A0, C0, En and Fs. By substituting of Fs and En into (28) and (29), the other four constants An, Bn, Cs
and Ds can be determined. Thus the displacement, stress and strain components within ﬁnite cylinders can be
ﬁnally obtained from (22)–(25) and (1).
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The general analytical solution for the inhomogeneous strain and stress distribution within a ﬁnite cylinder
of Si1xGex alloy under compression with end friction has been obtained in the previous section, and all of the
unknown constants can be uniquely determined by the boundary conditions. The actual numerical results of
the exact solution with the inﬁnite series have to be obtained by truncating inﬁnite series into a system of cou-
pled equations with ﬁnite number of terms. It was found that about 90 terms are need to get a converge values
for the series solutions for stresses and strain given in (22)–(25) and (1), while 60 terms in both the summations
of s and n are suﬃcient to get a steady numerical results for the solutions for displacements expressed in (22)
and (23) for ﬁnite cylinders. In general, more terms in s than in n are needed to get the same error control for
j < 1, and more terms in n than in s are needed for j > 1. We found that usually 100 terms in both s and n are
enough to get an error control less than 0.1%. Since the non-uniform deformations of an isotropic cylinder
under conﬁned compression have been investigated by Watanabe (1996), the present solution had been com-
pared to that by Watanabe (1996), and it was found that all of his numerical results can be covered by the
present solution in the isotropic limiting case. Moreover, the inhomogeneous stress and strain distributions
within ﬁnite cylinders for one quarter of the meridian plane are investigated, and the strain distributions in
other region can be easily obtained by symmetrical rules.9.1. The inhomogeneous stress distributions within cylinder due to end friction
Fig. 1 plots the normalized stress components rrr/q0, rhh/q0, rzz/q0 and the normalized hydrostatic stress
rH=r0H versus the normalized distance z/h along the axis of loading for r/R = 0, p0 = 0, u0 = 1 and x = 0.
r0H is the uniform hydrostatic stress when there is no end friction with a = 1. The results are obtained for
H/D = 2.0, which are the standard shape for the uniaxial compression test. As mentioned earlier, the factor
a represents the degree of friction on the end surfaces. More specially, a = 1 is for the case without end
friction, while a = 0 is for the largest end friction and no slip occurs between the cylinder and loading platens.
In usual compression test, partial slip may occur and we have 0 6 a 6 1, depending on the contact condition
of the loading platens. Fig. 1 shows that the stresses are inhomogeneous along the axis of loading, the
stress concentrations are developed near the end surfaces. The maximum values can be 40% more than those
without end friction Figs. 2 and 3 further show that the stress components and the hydrostatic stress are0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 1. The normalized stress components versus the normalized distance z/h along the axis of loading for r/R = 0.0.
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Fig. 3. The normalized stress components versus the normalized distance r/R in the transversely plane with z/h = 0.5.
7914 X.X. Wei / International Journal of Solids and Structures 44 (2007) 7906–7923inhomogeneous in other regions within the cylinder. Note that Figs. 1–3 are for Si with x = 0, but the inho-
mogeneous stress distributions within ﬁnite cylinders are similar for Si1xGex alloy with 0 < x 6 1.
9.2. The inhomogeneous strain distributions within cylinder due to end friction
Due to the common understanding that the stresses are related to the strength of the materials and the dis-
placement components are related to the rigidity and stability of the structures, stress distributions and the
displacement ﬁelds within cylinders of many engineering materials are extensively investigated in most of
previous studies. But the strain distributions are not directly related to macro-mechanical behavior of the
X.X. Wei / International Journal of Solids and Structures 44 (2007) 7906–7923 7915structure and are seldom studied. However, it was found that strains had considerable eﬀect on the quantum
behavior of band structure of semiconductors (Singh, 1992), and the knowledge of inhomogeneous strain dis-
tributions are essential for the analysis of the optoelectronic properties of semiconductors (Bir and Pickus,
1974). Therefore, Fig. 4 shows the normalized strain components err=e0rr; ehh=e
0
hh; ezz=e
0
zz and the normalized
hydrostatic strain eH=e0H versus the normalized distance z/h along the axis of loading for r/R = 0.0.
e0rr; e
0
hh; e
0
zz and the hydrostatic strain e
0
H are the corresponding strains without end friction and can be obtained
from (5). Fig. 4 indicates that the strain distributions within cylinders along the loading direction are inhomo-
geneous for 0 6 a < 1, strain concentrations are usually induced in the region of 0.5 < z/h < 1.0, and the
maximum values can be 99% more than that for z/h = 0.0. However, the strain distributions in the central0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 4. The normalized strain components versus the normalized distance z/h along the axis of loading for r/R = 0.0.
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Fig. 5. The normalized strain components versus the normalized distance z/h along the axis of loading for r/R = 0.25.
7916 X.X. Wei / International Journal of Solids and Structures 44 (2007) 7906–7923part, say 0 < z/h < 0.5 are relatively homogeneous, and only 2% extra strain value of err=e0rr can be induced by
end friction, comparing to that without end friction with a = 1. Figs. 5–9 show that the strain distributions in
other regions of cylinders are also very inhomogeneous.9.3. The strain distributions within cylinder for diﬀerent shape of cylinder
All of the numerical calculations given above are for H/D = 2.0. In order to investigate the shape eﬀect on
the strain distributions within cylinders under compression with end friction, Fig. 10 plots the normalized0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 6. The normalized strain components versus the normalized distance z/h along the axis of loading for r/R = 0.5.
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Fig. 8. The normalized strain components versus the normalized distance z/h along the transversely plane with z/h = 0.5.
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0
hh; ezz=e
0
zz and eH=e
0
H versus the normalized vertical distance z/h from the center of the cyl-
inder for various values ofH/D for r/R = 0.0 and a = 0.0. All other parameters are the same as those in Fig. 1.
Fig. 10 shows that a larger deviation may be induced for shorter cylinder. For example, 35% error for eH=e0H
can be induced even at the center of the cylinder for H/D = 0.5. But the strain distributions for long cylinders
are more homogeneous, especially at the central part of the cylinder for H/DP 2. So a relatively long cylinder
should be suggested for compression test.
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10.1. Valence bands near k = 0 in the absence of strain
Without strain the valence band in the vicinity of k = 0 is a sixfold degenerate multiplet which is comprised
of three diﬀerent bands and each twofold degenerate due to spin, and the spin–orbit interaction partially lift
the degeneracy, thus the sixfold degenerate multiplet splits into a upper fourfold multiplet and a lower twofold
multiplet separated by an energy band gap. The fourfold multiplet consists of a pair or twofold degenerate
bands usually called as the ‘‘heavy-hole’’ and ‘‘light-hole’’ bands. The band edge energies for the heavy-hole
and light-hole can be obtained asEðkÞ ¼ Ak2  ½B2k4 þ C2ðk2xk2y þ k2xk2z þ k2yk2z Þ1=2 ð53Þ
where the upper and lower signs in (53) represent the heavy-hole and light-hole bands, respectively. A, B and
C are the inverse mass band parameters and can be obtained by the cyclotron resonance experiments (Hensel
and Feher, 1963).
Fig. 11 plots the E–k diagram and the shape of constant energy surfaces of the heavy-hole and light-hole
bands near the band edge k = 0 for unstrained silicon according to (53). The heavy-hole and light-hole bands
are degenerate at the band edge. The coupling between the heavy-hole and light-hole bands causes a kind of
warped or ﬂuted shape of the constant energy surfaces near k = 0.
10.2. Valence bands near k = 0 in the presence of strain
Based on Luttinger–Kohn theory, the valence-band structure for Si1xGex alloy with strain can be described
by the following 4 · 4 Hamiltonian in the envelope-function approximation as (Jiang and Singh, 1997)H ¼ 
P s þ Qs Ss Rs 0
Ss P s  Qs 0 Rs
Rs 0 Ps  Qs Ss
0 Rs S

s P s þ Qs


ð54Þ
Fig. 11. E–k diagram and constant energy surfaces of the heavy-hole and light-hole bands near the band edge, k = 0, for unstressed
silicon.
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Pk ¼ h
2
2m0
 
c1ðk2x þ k2y þ k2z Þ; Qk ¼
h2
2m0
 
c2ðk2x þ k2y  2k2z Þ
Rk ¼ h
2
2m0
  ﬃﬃﬃ
3
p
½c2ðk2x  k2yÞ þ 2ic3kxky ; Sk ¼
h2
2m0
 
2
ﬃﬃﬃ
3
p
c3ðkx ikÞykz
P e ¼ atðexx þ eyy þ ezzÞ; Qe ¼ 
b
2
ðexx þ eyy  2ezzÞ
Re ¼
ﬃﬃﬃ
3
p
2
bðexx  eyyÞ  idexyÞ; se ¼ dðezx  ieyzÞ
ð55Þwhere eij is the strain components, c1, c2 and c3 are the Luttinger parameters, at, b and d are the Bir–Pikus
deformation potentials, the wave vector k is interpreted as operator i$, all of the captioned letters with *
denote the conjugate quantities of the corresponding terms.
According to the energy band theory, the valence-band energy E for the Hamiltonian in (54) can be
obtained by considering the following equationdet jHijðkÞ  dijEj ¼ 0 ð56Þ
which leads toEHHðkÞ ¼ Ps þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q2s þ RsRs þ SsSs
q
ð57Þ
ELHðkÞ ¼ P s 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q2s þ RsRs þ SsSs
q
ð58Þwhere EHH and ELH are the energies for the heavy-hole and the light-hole bands, respectively.
Fig. 12 plots the E–k diagram and the shape of constant energy surfaces of the heavy-hole and light-hole
bands near the band edge k = 0 for Si with ezz = 0.003, exx = eyy = 0.0008, and all other strain components
are zero, which are the homogeneous strain ﬁeld obtained from (5) for a ﬁnite cylinder (D = 10 mm and
H = 20 mm) under the compressive force P = 30 kN without end friction. Fig. 12 shows that the light-hole
band splits oﬀ and above the heavy-hole band with a band gap 11 meV at k = 0, and both of the shapes of
the constant energy surfaces of the heavy-hole and the light-hole are changed due to strain eﬀect.
Fig. 12. E–k diagram and constant energy surfaces of the heavy-hole and light-hole bands near the band edge, k = 0, for strained silicon
with ezz = 0.003, exx = eyy = 0.0008.
Fig. 13. E–k diagram and constant energy surfaces of the heavy-hole and light-hole bands near the band edge, k = 0, for silicon with strain
and end friction.
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Fig. 14. The band gap between the heavy-hole and the light-hole bands at z/h = 0.9 along axis of loading versus parameter x for various
end friction.
8
10
12
14
16
0 0.2 0.4 0.6 0.8 1
x
H/D= 1.0 1.5 2.0 3.0 0.7 0.6 0 5
Ba
nd
 g
ap
 (m
ev
)
Fig. 15. The band gap between the heavy-hole and the light-hole bands at z/h = 0.0 versus parameter x for various ratio of H/D for
a = 0.0.
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As shown in Figs. 4–10, end friction leads a very inhomogeneous strain ﬁelds within ﬁnite cylinder under
compression test. The strain components eij are very diﬀerent from those without end friction. For example,
ezz = 0.008, exx = 0.05 and eyy = 0.05 is a strain state at a point within a cylinder under compression test
with end friction. Thus the energies for the heavy-hole and light-hole bands corresponding to these strain com-
ponents can be calculated from (57) and (58). Fig. 13 plots the E–k diagram and the shape of constant energy
surfaces of the heavy-hole and light-hole bands near the band edge k = 0 for Si in such a strain state induced
by end friction a = 0.0. Fig. 13 indicates that end friction not only increases the band gap, but also changes the
shapes of the constant energy surfaces of the heavy-hole and the light-hole bands. Fig. 14 shows the band gap
between the heavy-hole and the light-hole bands at z/h=0.9 along axis of loading versus parameter x for var-
ious end friction for cylinders of Si1xGex alloy. The band gap corresponding to the strain components at this
point is usually smaller for a larger end friction. Fig. 15 plots the band gap between the heavy-hole and the
light-hole bands at z/h = 0.0 versus parameter x for various ratio of H/D for a = 0.0, which clearly shows the
eﬀect of aspect ratio of the cylinder on the band gap between the heavy-hole and the light-hole bands, the band
gap is almost the same for H/DP 2, but it is very diﬀerent for cylinders with H/D < 2, for example, the band
gap for H/D = 0.5 is 11% smaller that that for H/D = 2. Therefore, long cylinders with H/DP 2 are recom-
mended for compression test for Si1xGex alloy.
The eﬀect of the strain gradient on the valence band is out of the scope of the present paper and is not
discussed.11. Conclusions
The exact analytical solution for the inhomogeneous strain ﬁelds within ﬁnite cylinders under compression
test with end friction is derived. The method employs Lekhnitskii’s stress function in order to uncouple the
equations of equilibrium. It was found that the end friction leads to very inhomogeneous strain distributions
7922 X.X. Wei / International Journal of Solids and Structures 44 (2007) 7906–7923within cylinders, especially in the region near the end surfaces, and all of the strain components, including the
axial, radial, circumferential and shear strains are inhomogeneous, both in pattern and magnitude. The max-
imum value of the strain concentrations near the end surfaces can be even 100% higher than that without end
friction. However, the strain distributions are relatively homogeneous at the central parts of long cylinders,
say in the region within 0.5h < z < 0.5h, the magnitude of the strains can be more than 2% of that without
end friction. Both of the eﬀects of strain and end friction on the band structure of Si1xGex alloy are inves-
tigated. It was found that end friction and strain had considerable eﬀects on the quantum behavior of the band
structure of Si1xGex alloy.
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